
Nnm
.
PDE I

Finite volume t ERROR est
.

Convergence / consistency



Next few weeks numerical solution

of PDE .

• Basic schemes FV then DG

• Stability
• Consistency
• Convergence

Notes based on
Tim Warburtons

Class notes from Math 578 at HNM
.



Consider a fluid in a pipe with density

§ ( x. H flowing with a Velocity U ( x
, t )

them
a b

jn time

rate of change inside the red part is

computed by comparing how much fluid

flows out from each end



Teletexa b

Rate of charge is

dd=§§(×,t)dx= - Ulb ,t)g( b. f) + Mca ,Hg( at )

i / 1
Rate of change Flux into section

of total mass Fhrx Out of

in section Section



Noted :

- Ulb ,t)g( b. f) + Mca ,Hg( at ) =

- dd×§a(x.Hgcxttdx so ?

bfajlsk.tl#lukHskH)dx=o*gms9bglgk.t)t0gx(oU)=o



A particularly simple case is when n , ]

constant - UKH = T
,

An

¥9 t n°g×§=o .

We can sole this by
Charge of variables

I= t.I.x.net
,

⇒ o÷=oo¥fetFEoE
At so:÷EogeaIFe*¥¥=Fe→€



± : o= Its tofts=t÷Eaofl9+5¥
= £8

¥9 =o

EASY to see

"

of ( ×
,

E) = go (E) = of ( x - It )

.

The solution is translated in space as time increases

+#×*or±



A finite volume solver from :

fdgbfagk ,Hd×= - rT&(b. t ) + Fg ( a .tl

-

divide the real lire into elements

Si

Tot*-
Xi Xin titz Xir }

× it 9

In each element approx . of by a constant

of ;



d@Wgcx.tldxa-ngCxitHtItuoscxi.t )

Xitl

Note that fgk ,Hdx= 5g  • DX So we can

approx .

Xi

,÷t§iltn+i-5,6N ) . 's '' = - n'

Etta+5k¥How to recover
Values at Xi

,
xit ,

From averages
?



^ Use the upwind values

to evaluate the Names at

the boundaries .

Hee upwind
> is to the left

.

atlosiltnti-5,64 ) . 's '' = - Teskit , .tn/tugKi.tn )

= - E§ , Ault I§ ( An )
i - I

Simplify : tgm;=f - Tatneft 15 date # . ,

FF  = d-Mfi + X§i . , i. 1.2 .  -

goh = Boundary cond
.



We Now have a reasonable scheme but how

good is it ?

Let of be the exact solution and

It = a.la#j*9lx.naHdx=a,l=xf?tkcx.nottdx

of satisfies a¥§,"qk.tk/=dgfrsxq.o)=-59kitnH
tough ;t )



We want to estimate the error
,

i. e the difference

between the numerical and exact solution at

time T=nDt
,

• we thus seen the error Etttgi # / ,

n . E
.

• To babe limits we insist Md At and Ba ae

coupled by At = C°D× for Some fixed C
.

• If we bake Dt  → 0 ⇒ E "= 6 ( Ats )

we say that the method is S : th order

accurate
.



Let HEHp= ( at { IEIP ) "P
.

The scheme is said to be convergent in

the norm
11 . 11 at line T if

him 11 Enlko
At → 0

t.net Plan of attack
,

Relate errors

at subsequent tinesleps and

find a bound at T
.

We get to use the method



We start by estimating the local truncation

error .

The local truncation error is the error

Committed in onetime assuming we

start with eaachinitalba
: 9in - Ff

,

and fon"= ( i - g÷uTFi"tFxfn9I,

LtE=Ro=at 18mi - II
"

)

TAYLoR_



FEET
! . axE÷t+aIlg÷j+oH×3

EE.IE#tooEt+sftoFel+Ocat3sRni=attHi-aEtuTEitgtxnEf..
-II

'

) simplify
& - DOITI

= . toot .IT#oItnEfFat+oan
tasty



simplify more : to + rooI=o , II. atoka

hereto.n÷too¥e +EE '
,

Note that R!→ o as At → o

assuming At  = C. DX

When An local truncation anon → o as At → o

We say
that the method is consistent

⇐



The local truncation error predicts
that we will make an d* error every

ttiinmnstep.
Letsbe a

bit more precise

DEE off - off + E ; and write the scheme as

gm = NF
.

We have Em '
= Night E

"

) - Int '

= MFTEY - NHYHNIFY - of
"

. "

= NCFFET - Nlqn ) + At R
"

- Truncation
Propagation of Previous ERROR

ERROR
-



Now Suppose that for some norm
Nis a contraction

.

11 NIM - Ncql 11 E H P -

of H

E
" "

= N ( often ) - NCF " ) t At R
"

,
taking norms + Dined

gently < IN litter ) - NIFYH * AHIRYI

£ 11 often - qnh + At HR
"

11 < HE"H + At HR
"

11

£ HEMH + at HRMH t st 111241 { many times }
n

shell + at E. Nell
M=l



In other words the error at time T is

HEMH s HEH rat §PRY EHEH + T mm;,?n " Rm "

So IF the method is consistent ( and of is smooth )

HE
" 'll £ Hell + TGCDX )

¥initial data → o as Ax → o



Homework : Prove met

9T
"

= ( i - a) § ! +  aged
,

is a contraction

in 11.11
,

when §on=o .



DG : Consistency . Stability - Convergence

We solved ddq ( digital )= - ntflxitntltuotk : ,t )

in - not
, +591 ,

frpwinu approx .

Our first DG scheme will generalize this

so that we can exploit approximation

by high degree polynomials



Again divide the pipe into segments

separated BY ×i
,

×2
, Xs ...  . . XN .

On each segment Xi<×< xi , ,
we solve a

weak form of the advection ego

µ Space of polynomials of des P

Find SIGPPKI
,

xinl suchtheltrep '

'cxi,xi+
, )

§j*v(aosi+uo÷9)dx=
* kilutsitkil-Sikif



92 Art high deg
Q - -

- . polya- in .  

-¢-•-
-

×
, xz ×

]
×Nt ×N

ftp://osituo#ax=*kilu(9itkit9ikiD

Selecting giEP%i,xe+ ,
) i.e.

constants

Reduces this to finikvol .



What about stability ?

The best part of da is that this is trivial

•
Find g ; e PPKI

,
xin ) such lhel YVEPPKR

,
xiti )

E FOR ALL

xf.mn#trnoffildr=vkika=,cxnFIx..d
Select v = go ?

*fa"

"

gifdfitnffi )d× - Sfxiksitcxit -

Sil



Simplify to gel an energy estimate

daff "qIdx= - offs"g
: :9÷d;) tugfxillsitxi ' -9k'D

IIR = - THIGH tug ; kilffsitlxil - 9. KID

= I f- %z±t - 9tgigtug.fxilge.lk:D

daff "EIdx= I f- %zI×i' - 9tgytuqk.IS#Hx:$



Sum over ELEMS

IN 't

3. ; daff "EIdx=af%zI×i' . 9tgytuqk.IS#Hx:$

;ftp.t#xj*bzIdx)=Nnf.MfifsizI.9txdf+ua.xiis .:*:D
en,§El→I×hginY* .fi#iy

2

put

E E2&f9ikiH+%ik:) ]
it '

< Ezlgotx, ) - gailxn ) )



Nok that me left time continuous . If time derivatives

are discreet Zed exactly we have that the

energy of the numerical solution is controlee

by the boundary condition go ( x ;)

denoting 119112- §? §"9¥d× we find

d.
"qtIsnE( csotxil - ask.nl )

or £1191124 Is,
,d9o4×i) -9ns Kn ) )



Now we can try to bound the error in the same

way •

Ego

:L
et of and 0 be two numerical solutions

that are
close at the initial time

,
then trivially

( same BC )

off 11g -01k£
- a- ( 9mW - 8,1×4

'

2¥12

to → the solutions get

closer with time .



1. Let of be the exact solution

2 .
Assume that we have a projection operator

TP : Htx
, ,xn ) → OF

'

Pttxi
, xiti )

We work with 3 - equations

TRUNCATION

of
✓ # poq÷tu→oa÷)d×= o van

.

�2� fv (ogetttti tuft # 9i)dx= vcxillitpgukil - tffiki ))+fvRi

§ f v I oo9÷ + Effi )dx= rail ( sit Hit - 9i C xD)



0 Project PDE .

. }
Assume that projection and ft

�2� Truncation error commute and bheh of is Smnoom .

�3� The method . A +2 gives

§nvria×=Hooo¥m
. :# "  ' an HYE.FI?ItiIfIik.p.

Now USE r =R ; EPP t C- S + A ineq .

yrbetzj'HrotI÷nHf9÷HaF§
.

.lt#ancxinaiaill

=p
+ Ittqilxil - ofIKY

cnsN÷±H.

We have an estimate for truncation
error



Now we estimate HTPG -8112 by 03-20
.

�2�

fvloattParitrodzttifd.x-vCxiYH9i.ilxiI-rPqiCxiytfYtvRi30Svloo9itufTgdx-rKilC9inCxil-gicxiHSnbtraeL3Ofrom@andsekv-llTPgi-gijfYtgi-osiHot9oIInudrognIfdx-CtTqilxiI-giCxilHIT9itlxil-oitCxil-tT9ikilt9i4iDtfntittitgi-gijR.us

EFESdykes
. olkso



Feltham o§

'

#
"

t.it riax

EHTESH
.

Hrlk

Use Estimate for 111211

full . gislks HRH < Chsfladtftylk

The numerical Sol
.

and the projection

grows slowly apart in time .



We integrate in time :

HFPQ - gH§Hitpgltohsctollktchstom;×⇐HddI¥' "

fl

Finally we estimate error between exact and num .

Sd
,

11 of-8112=11 of - Tqttq - g 11

E Hot - Tqlk

+ Hitqaeoi - set  ⇒ 1k + chstom.gg#HdIftF//
2

First term is beyond own control

Second term suggests we approximate initial

date accurately .

Third term leads to linear growth with T
.



• We swept Sin Ch
' Hddotxtplk under the rug

• In multi D the argument are the same

• In special cases one can Cook up a better

IT to get a sharper estimate ( Does not effect the

method though'd

Next lecture we start thinking

about multiple dimensions .


