
APPM 4720 / 5720 — HOMEWORK # 5 Due: March 1, 2018.

Instructions

Put away your cell-phone and read this document from start to finish. Discuss in the group what
the different instructions and tasks mean. Make sure you have a plan how to achieve the main task
(and write up the results!) within the allotted time (team-work is probably needed). How will you
check that the subtasks are correct?

Main task

In this homework we will study how to perform surface and line integrals on a general geometry.

1. Find the mapping (x(r, s), y(r, s)) that, given the coordinates pl, l = 1, 2, 3, 4, maps the refer-
ence square (r, s) ∈ [−1, 1]2 into a straight-sided quad (see Figure 1) in the x− y plane. Hint:
for each corner, find a bi-linear function that is one in one corner and zero in all other corners
in the r − s plane, and add them up. Check that the mapping is correct by discretizing the
reference element by a uniform Cartesian grid and plot the mapped quadrilateral in Matlab
by: plot(x,y,’k’,x’,y’,’k’), axis equal.
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Figure 1:

2. To compute integrals of the type
∫∫

f(x, y)dxdy we use the change of variables

x = x(r, s), y = x(r, s),

and find that
∫∫

f(x, y)dxdy =

∫∫

f(x(r, s), x(r, s))|J |drds.

Here
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Convince yourself that the formulas are correct by integrating (by iterated 1D Gauss quadra-
ture) the area of a grid like the one displayed in Figure 2. Report how the convergence
depends on the quadrature for the 1D integrals, as well as on the total number of cells in the
grid.
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Figure 2: Grid made up of uniform Cartesian grid with the interior grid points randomly perturbed.

3. Also compute the area of the half annulus defined by the grid:

nr = 10; nt = 30;

[r,theta] = meshgrid(linspace(0.5,1,nr),linspace(0,pi,nt));

x = r.*cos(theta); y = r.*sin(theta);

plot(x,y,’k’,x’,y’,’k’), axis equal

Why is it that the error converges as ∼ (min(nr, nt))
−2 independent of your choice of quadra-

ture?

4. The mapping you used above does not respect the fact that two of the boundaries of the half
annulus are curved. To compute integrals on domains with curved boundaries you will need
to use a curvilinear mapping.

Consider a general quadrilateral with curved boundaries parametrized so that you can use the
Gordon-Hall mapping (see equation (8.8.23) in Spectral Methods: Evolution to Complex Ge-

ometries and Applications to Fluid Dynamics, Claudio Canuto, Alfio Quarteroni, M. Yousuff
Hussaini, Thomas A. Zang Jr. This book is available electronically from the library).

It will be convenient to have a subroutine (for example called pis) that takes as inputs the
start and endpoints of a given curve, xy_start(1:2), xy_end(1:2), and a scalar, m between
-1 and 1 that corresponds to the position on an edge of the unit square. The subroutine
should also take an integer input, curve_type, that can be used to select different type of
mappings. The subroutine then computes the x− y coordinate xy(1:2) corresponding to m.
For example curve_type = 0 could correspond to a straight line and the subroutine would
then start with:

if (curve_type .eq. 0 ) then

! Straight lines.
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xy = xy_start + 0.5_dp*(1.0_dp + m)*(xy_end - xy_start)

elseif (curve_type .eq. 1 ) then

...

In order to use the mapping to compute integrals (and derivatives) you will need to compute
the metric, i.e. rx, ry, sx, sy. Recall that the chain rule for a function of two variables requires
that:

∂u(x(r, s), y(r, s))
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∂x

∂u

∂r
+

∂s

∂x
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Find the relation between rx, ry, sx, sy and xr, yr, xx, ys by substituting u = x and u = y into
the above equations.

To obtain rx, ry, sx, sy evaluate the map (x(r, s), y(r, s)) on the LGL nodes (tensor product)
on the reference element and use Bengt’s weights.f (in the class repository) to compute
xr, yr, xx, ys at the LGL nodes. Use the relations you just derived to invert the metric.

Using your curvilinear elements repeat the area computation of the half annulus. Make sure
you get spectral convergence for a fixed grid and with increasing number of LGL nodes.

5. Use Green’s identity and compute the same area by line integrals around each element. How
can you express the unit length normals in terms of the metric?

6. Next, consider approximation in a tensor product polynomial basis expressed in Legendre
polynomials. That is, find the the coefficients of an element wise approximation

uh(x(r, s), y(r, s)) =

q
∑

k=0

q
∑

k=0

ûhk,lPk(r)Pl(s), (1)

by L2 projection of some initial data.

7. Finally, compute uhx = rxu
h
r +sxu

h
s and uhy = ryu

h
r+syu

h
s on a single element by differentiating

the expansion (1).

For the report make sure you present evidence (convergence plots) that your implementation is
correct.
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