
Measured rates of convergence are reported in Tables 2 and 3. Here we use
least squares and the data points from the error graphs in Figure 4 to find the
rates. The least squares fit is performed using errors from the four finest grids.
Note that for the highest order methods we excluded the portions of the curves
where the error saturated, i.e. for h ! 1/10 for this problem.

The results displayed in the figures show relatively clean convergence with all
the error curves bending slightly downwards as the errors approach the asymp-
totic regime. For the case qu = qv + 1 the results in Table 2 indicate that the
rates of convergence are qu for both the central and upwind flux. The main
outlier is the case scheme C65 which has a higher rate. The left sub-figure also
shows that the slopes are similar for both fluxes and that the error levels are
almost identical when qu is odd and that the upwind flux is more accurate when
qu is even.
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Figure 4: Harmonic Vibrations of the unit square. Errors at the final time for the harmonic
vibrations of the traction free unit square. To the left qu = qv +1 = 2, . . . , 8 with central and
upwind flux. To the right qu = qv = 2, . . . , 8 with central and upwind flux.

If on the other hand the orders are chosen to be the same we find that the
upwind methods with odd qu = qv e.g. 3,5,7 appear to converge at a rate close
to the optimal rate qu + 1 but only at a rate approximately qu when qu = qv
is even; see Table 3. The schemes with a central flux on the other hand do not
appear to benefit at all from the extra degree of freedom for the velocities. In
fact, the rates are only qu and qu− 1 when qu = qv is odd and even respectively.
For all orders the upwind flux provides a more accurate answer.

Errors in the Velocity and Stress
For the upwind methods with odd qu = qv = 3, 5, 7 we also compute the

errors in the velocity and in the stress components ∂G
∂u1,1

and ∂G
∂u1,2

. The results,

which can be found in Figure 5, indicate that the rates of convergence in these
quantities are not optimal but appear to asymptotically approach qu.
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